In this paper we consider a weighted trace formula for Schrödinger operators. More precisely, let j ប and E j ប denote the eigenfunctions and eigenvalues of a Schrödinger-type operator H ប with a discrete spectrum. Let (x,) be a coherent state centered at a point (x,) of a hyperbolic closed orbit ␥. We show that, as ប→0, the leading term of ͚ j ͕͓E j (ប)ϪE͔/ប͖͉( (x,) , j ប )͉ 2 can be expressed in terms of the analytic continuation on the upper and lower half-planes of the positive and negative frequencies part of . The result is also related to complex trajectories surrounding ␥.
I. INTRODUCTION

Consider a Schrödinger operator HϭϪប
2 ⌬ϩV(x) with V smooth, on R n ͑in which case we assume V tends to infinity at infinity and therefore H has a discrete spectrum͒ or on a compact Riemannian manifold, M .
The trace ͑Gutzwiller͒ formula ͑Ref. 1͒ expresses the smeared out spectral density over a
Fourier compactly supported test function: let ͕E j ͖ and ͕ j ͖ be the eigenvalues and eigenfunctions of H. Then, under certain hypothesis on the classical flow ͑for example, that the periodic trajectories of energy E are isolated͒,
where c k are distributions whose Fourier transform are supported on 0, the second sum is over the periodic trajectories ␥ of energy E, and d ␥ l have Fourier transforms supported on the set of periods of ␥.
We remarked in Ref. 2 that one can isolate the contribution of a given periodic trajectory by ponderating the sum ͑1͒ by the so-called Husimi function of j : let ( 
͑here is a compactly supported C ϱ function equal to 1 near zero͒. Let (x,)␥, where ␥ is a periodic trajectory of the classical underlying flow of energy Eª 2 ϩV(x). We showed that
Let us suppose for simplicity that the dimension nϭ2 ͑the results being immediately extended to the general case͒. We remarked in Ref. 2 that if ␥ is elliptic, i.e., if the Poincaré mapping of ␥ is a rotation of angle , the distribution 0 could be expressed as a Dirac measure on the energies of the quasimodes associated to ␥:
͑here T ␥ , S ␥ , and ␥ are the period, action, and Maslov index of ␥͒. On the contrary, if ␥ is hyperbolic the measure 0 is Lebesgue continuous.
In this paper we want to give another formulation of 0 that involves the complex trajectories of the linearized near ␥, i.e., the complex trajectories infinitesimally close to ␥ ͑see Theorem 2.1 below͒. Before we state the results we would like to comment on the role of complex periodic trajectories in the study of the semiclassical spectrum of Schrödinger operators.
Usually the complex trajectories appear to give exponential corrections to the semiclassical expansions. Among the works dedicated to this problem let us mention the work of Balian and Bloch on the trace formula;
3 the resurgence method of Ecalle and Voros; 4-6 and more recently, the work by Fefferman and Secco 7 on the correction term of the number of negative eigenvalues of atomic systems.
More recently, Delande et al. 8 and Eckhardt et al., 9 discussed the trace formula for a mapping depending of a parameter near a bifurcation.
A formal computation of the contribution of a given hyperbolic trajectory to the trace formula was given in Ref. 10 , where it was remarked, however, that the contribution of different periodic trajectories should interfere destructively. The use of coherent states in the present paper will isolate a given trajectory by microlocalizing near a point in phase space. This makes only one trajectory contributing and the complexified linearized flow near this trajectory present already at the leading order.
The paper is organized as follows: the results are presented in the next section and proven in Sec. III. Section IV contains some concluding remarks.
II. THE RESULTS
Let H be as in the Introduction. Let ␥ be a hyperbolic closed trajectory of the Hamiltonian 2 ϩV(x). Let be the Lyapounov exponent at (x,)␥ ͓that is, let e Ϯ be the two eigenvalues of the Poincaré mapping of ␥ at (x,)͔ and S (R) be such that its Fourier transform is compactly supported. We will denote Ϯ the Hardy and anti-Hardy part of , namely,
We will denote W a the Wigner function of the symbol a ͑see the next section͒ and express W a on the variables (x T ,x Ќ ,x s ,x u ), where x T is tangent to ␥, x s and x u are along the stable and unstable manifold of the Poincaré mapping, and x Ќ is a transverse direction to the energy shell. Then we have the following. Theorem 2.1: Let us suppose that
Then as ប→0 along any sequence of the type
where z lm ª (2/T ␥ ) "lϩi(mϩ 
Indeed, E(A,B) induces on the angles A , B , conjugate to A,B a flow at time T ␥ given by:
The numbers (1/T ␥ )"2 jϩ(kϩ 
͒ប. ͑13͒
We want to show that this situation is still valid in the hyperbolic case if we consider complex torus and complex actions. Let P ␥ be the Poincaré mapping of ␥. Since ␥ is hyperbolic P ␥ can be represented as a matrix of the form
͑14͒
We will extend this mapping to the complex in the following way: consider the complex symplectic dilation Dͱ i in R 2 C:
͑15͒
Under this transformation, the mapping P ␥ becomes
where R() is the rotation of angle . This means that, thanks to this symplectic complex dilation, we are back to an ''elliptic'' situation with complex time. In particular, we find that there exist complex stable tori and a complex normal form F(A,B) 
͒ប. ͑19͒
We will come back to the interpretation of this result in the final section of the paper.
III. PROOF OF THE THEOREM
In Ref. and U is the metaplectic operator of the linearized low at time T ␥ ͑see Ref. 2͒. We also showed that one can find a symplectic mapping R such that UϭM "S(T ␥ )…, where M is the metaplectic representation such that
where ␣R and is the local Lyapounov exponent of ␥ at (x,). Let us denote aЈªM (R)a. Then one easily checks that, if ប satisfies ͑6͒, 
where b (k) is the kth derivative of b. Proof: We have, by straightforward computations,
͑25͒ implies that the RHS of ͑27͒ is convergent. Therefore ͑26͒ is also convergent. ᮀ Let us show now that the Lemma implies the formula ͑8͒. Since is compactly supported we can plug ͑20͒ in the expansion ͑26͒ and invert the summations. It now suffices to note that We need now to express the hypothesis ͑25͒ and the c lm in terms of the Wigner function of a. To do so let us first remark that if S is a symplectic mapping and M the metaplectic representation, we have
Together with the fact that
we get easily that ͑25͒ is equivalent to
and the expression ͑9͒ and ͑10͒ for the coefficients.
IV. COMMENTS
Link with ''top resonances'': although the operator H is elliptic with discrete spectrum, which implies that there are no ''resonances,'' the formula ͑8͒ suggests that the Hardy and anti-Hardy parts of the weighted spectral density ()ª͚␦"Ϫ͓E j (ប)ϪE͔/ប…͉( (x,) a , j ប )͉ 2 have poles, in the semiclassical limit. These poles are precisely located on the same lattice that in the case of the so-called ''top resonances'' ͑Refs. 14-16͒: if the potential V tends to zero at infinity and if there is an unstable fixed point or a manifold of unstable fixed points on the energy surface, then one can prove that H has resonances at a distance ϳប from the real axis. Our result gives a microlocalized version of this phenomenon.
Link with the ''analytic dilation'' method: let us look at the poles z l0 and the corresponding coefficient c 0 , Link with ''normal forms'': in Refs. 17 and 18, Guillemin introduced quantized normal forms near a closed trajectory. The result of this paper suggests that the complex dilation of this normal form gives rise to poles of the spectral density suitably microlocalized.
